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1 Chapter 0, p.18

1.1 Exercise 2

Construct an explicit deformation retraction of Rn − {0} onto Sn−1.

Solution:

ft(v) =

[(
1

|v|
− 1

)
t + 1

]
v =

t + |v| − |v|t
|v|t

v

1.2 Exercise 4

A deformation retraction in the weak sense of a space X to a subspace
A is a homotopy ft : X → X such that f0 = 1, f1(X) ⊂ A, and ft(A) ⊂ A
for all t. Show that if X deformation retracts to A in this weak sense, then
the inclusion A ↪→ X is a homotopy equivalence.
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Solution: Let i : A ↪→ X be the inclusion and let f : X → A be the range
restriction1 of f1 : X → X. We need to show that if ' 1X and fi ' 1A.

Let f̄t = ft|A, range-restricted to A. It is easily verified that f̄t furnishes a
homotopy between 1A and fi.

Since if = f1 and f0 = 1, ft itself furnishes the homotopy between 1X and
if .

1.3 Exercise 5

Show that if a space X deformation retracts to a point x ∈ X, then for each
neighborhood U of x in X there exists a neighborhood V ⊂ U of x such
that the inclusion map V ↪→ U is nullhomotopic.

Proof: By hypothesis, there is a homotopy f : X × I → X with f0 =
1X and f(x, t) = x for all t. By continuity, f−1(U) is open, and so for
each t there is a neighborhood Vt 3 x and an open interval It 3 t such
that f(Vt × It) ⊂ U . Since I is compact, there is a finite set of intervals,
say I1, . . . , In, covering I, with corresponding open sets V1, . . . , Vn so that
f(Vi×Ii) ⊂ U for i = 1, . . . , n. Set V = U∩V1∩· · ·∩Vn. Then f(V ×I) ⊂ U
and f |V×I is a homotopy from V ↪→ U to a constant map. QED

1If g : X → X and A ⊂ X, then g|A, as usual, is the (domain) restriction of g to
A. On the other hand, say g(X) ⊂ A. The codomain of g is still X; the so-called range
restriction of g has codomain A, and takes the same values at the same arguments as g.
Distinguishing between g and its range restriction may seem like splitting hairs, but the
distinction matters in topology.
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1.4 Exercise 6

6(a): Let X be the subspace of R2 consisting
of the horizontal segment [0, 1]×{0} together
with all the vertical segments {r} × [0, 1− r]
for r a rational number in [0, 1]. Show that X
deformation retracts to any point in the seg-
ment [0, 1]×{0}, but not to any other point.

Proof: The existence of a deformation retract from X to any point (r, 0)
is obvious. Now consider an arbitrary point (r, s) with s > 0 and hence
r ∈ Q. Suppose X deformation retracts to (r, s). Choose a neighborhood
U 3 (r, s) small enough to be disjoint from the “base”, i.e., containing no
points of the form (r̄, 0). Let V ⊂ U be as in Exercise 5, so f : V × I → U
is a homotopy from the inclusion map V ↪→ U to the constant map sending
all V to (r, s).

We now observe that if the inclusion V ↪→ U is nullhomotopic, then V must
be path-connected, for t 7→ ft(x) gives a path connecting x to x0 = f1(x)
(where x0 of course is independent of x). But obviously the V described
above is not path-connected. QED

(b)& (c): Let Y be the subspace of R2 that is the union of an infinite
number of copies of X arranged as in the figure below.
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Show that Y is contractible but does not deformation retract onto any
point. Let Z be the zigzag subspace of Y homeomorphic to R indicated by
the heavier line. Show there is a deformation retraction in the weak sense
of Y onto Z, but no true deformation retraction.

Proof: We begin with a more “algebraic” description of Y . Let Xk (k ∈ Z)
be the k-th copy of X in Y . Write 〈r, s, k〉 for the element in Xk corre-
sponding to (r, s) ∈ X. So:

〈r, 0, k〉 = 〈0, 1− r, k + 1〉

A special case which we need later:

〈1, 0, k〉 = 〈0, 0, k + 1〉

First we show Y weakly deformation retracts onto Z. We begin with a visual
description of the deformation retract. Imagine Y as a collection of threads,
with one infinitely long thread for Z, and finite-length threads attached to
the Z-thread. Suppose that these threads lie in a system of ruts or grooves
with the same shape as Y . The threads are constrained to remain in the
ruts, and they cannot stretch, but they can slide. Start to pull the Z-thread
uniformly along its entire length to the right. The finite-length threads are
pulled via their attachments, and start to occupy the Z-rut on top of the
Z-thread. After pulling one length unit, all of the threads lie in the Z-rut.

Formally, we define ft(〈r, s, k〉) with a definition by cases:

ft(〈r, s, k〉) =


〈r, s− t, k〉 if 0 ≤ t ≤ s

〈t− s + r, 0, k〉 if s ≤ t ≤ s + 1− r

〈t− (s + 1− r), 0, k + 1〉 if s + 1− r ≤ t ≤ 1

In the two “border” cases, t = s and t = s + 1 − r, where two clauses
apply, it is readily checked that the clauses are mutually consistent; when
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t = s + 1 − r, we use the equality 〈1, 0, k〉 = 〈0, 0, k + 1〉 that was noted
above. It follows from this that f is continuous.

The formulas become more understandable from the following considera-
tions. The point (r, s) starts distance s from the zigzag rut. Once it reaches
the zigzag rut, at position (r, 0), it still has distance 1 − r to go before it
leaves the realm of Xk.

So Y weakly deformation retracts onto Z. Since Z is obviously contractible,
it follows that Y is contractible.

Next we show that Y does not deformation retract to any point. The three
possible subcases are illustrated in this figure:

In all these cases, the neighborhood V is clearly not path-connected, so
there can be no nullhomotopy, and hence Y does not deformation retract
onto any point.

Finally, if there were a true deformation retract of Y to Z, then we could
obviously construct a deformation retract of Y to any point of Z. QED
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1.5 Exercise 20

Show that the subspace X ⊂ R3 formed by a
Klein bottle intersecting itself in a circle, as
shown in the figure, is homotopy equivalent
to S1 ∨ S1 ∨ S2.

Proof: First we give an “identification” diagram for this space, based on the
familiar Klein bottle diagram as a rectangle with sides suitably identified.
To this diagram we add a small circle in the middle area, representing the
hole in the side; this circle must be identified with a circle around the “neck”
of the bottle, but this neck circle is represented by the vertical sides of the
rectangle. Thus we end up with the diagram (a) in the figure below.

(a) (b)
(c) (d)

Appealing to Hatcher’s Proposition 0.17, we can collapse the circle in the
middle to a point. This yields the diagram (b), which represents a sphere
with three points identified. On the other hand, if we collapse the two arcs
in diagram (c), we also get a sphere with three points identified. Finally,
using Proposition 0.18, we can slide the points of attachment in diagram (c),
yielding diagram (d).

Alternately, we can try to visualize the homotopy equivalence directly. I
will paint a word-picture instead of providing actual diagrams. Collapsing
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the disk to a point causes the Klein bottle to pinch down to point precisely
at the self-intersection. If we detach the “tubes” from the point of self-
intersection, we see that we obtain a sphere (topologically). Thus before
detachment, we had a sphere with three points identified. The rest of the
argument is unaltered. QED

1.6 Exercise 21

If X is a connected Hausdorff space that is a union of a finite number of 2
spheres, any two of which intersect in at most one point, show that X is
homotopy equivalent to a wedge sum of S1’s and S2’s.

Proof: Induction. Adding the n+1-th 2-sphere S, we replace the points of
contact with arcs leading from S to the contact points (by Prop 0.17). Then
we apply the inductive hypothesis to the remaining 2-spheres and circles, so
we have n 2-spheres and a bunch of circles, all wedged together at a “hub”
point p, plus S and its arcs. We use Prop 0.18 to slide the arc contact points
on S all to the same point q ∈ S, and the contact points on the other ends
to p. We then collapse one of these arcs, so S is now wedged at the same
hub point p, and the remaining arcs become circles. QED
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