
Escher’s Prentententoonstelling, by de Smit and Lenstra

The de Smit-Lenstra paper on Escher’s Prentententoonstelling

Here is the basic commutative diagram of the de Smit-Lenstra paper. I follow their 
notation; that's why I use 1/, instead of , which would be more natural.  But I find it 
irritating to be writing 1/ everywhere, so I’ve introduced the new symbol  = 1/.

On the following pages we will give a more geometrical rendering of this same diagram. 
First, though, let's go over it in a more computational way.

L256 and L are both lattices, and L256 = L.  These lattices are additive subgroups of C; 
they can also be regarded as groups of translations acting properly discontinuously on C. 
Taking quotients, we get an isomorphism C/L256  C/L.  This isomorphism is a group 
isomorphism, as well being a biholomorphic map between Riemann surfaces.  (In other 
words, it’s an isomorphism in both the category of groups and the category of Riemann 
surfaces.)  Note: this isomorphism is not directly pictured in our diagram.  Also note that 
C/L256 and C/L are, topologically, tori.

We map each copy of C to C* using the exponential map.  Let’s see what this does to our 
lattices.  Write  for either 256 or .  The 2iZ part is “killed”: exp(m Log  + n2i) = 
exp(m Log ) = m.  From the group transformation viewpoint, the translation groups 
become dilation groups, denoted 256 and : 

translation:          z  z + m Log d + n2πi
dilation:        exp(z)  exp(z + m Log d + n2πi) = dm exp(z)
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Note that we’ve lost one generator: a rank 2 translation group becomes a rank 1 dilation 
group.

Now we look at what happens to the map z  z.  Let w = exp(z).  We want to pull back 
from C* to C, multiply by , and push forward to C*:

w  log w  b log w  exp(b log w) = wb

But this slides over the fact that log w and w are multivalued, in general.  Writing Log z 
for the principle value, as usual, and l for an integer, we really have:

w  Log w+l2πi  b(Log w+l2πi) = b Log w + m Log  + n2πi

(because L256 = L, so l2i = m Log  + n2i for some integers m and n); continuing,

 exp(b Log w + m Log  + n2πi) = m exp(b Log w)

So the result is well-defined up to a factor of m.

The key point in the above computation was our assumption that L256 = L, enabling us 
to write l2i = m Log  + n2i.  But we haven’t used the full force of our hypothesis. 
Indeed, for any integers j and l, we have (j Log 256 + l2i) = m Log  + n2i.  Redoing 
the above computation, we conclude that 256 j w  m exp(b Log w).

In other words, we do get a well-defined 1-1 map from C*/256 to C*/.  Not only that, 
but in dividing out by 256 and , we’ve killed the surviving offspring of the generators 
of L256 and L.  In less fanciful terms, we have canonical isomorphisms C/L256  C*/256, 
C/L  C*/.  Topologically, we have four tori.  All this fits into a nice commutative 
diagram, where all the maps are isomorphisms (in both the category of groups and the 
category of Riemann surfaces):
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Now let us turn our attention to Escher’s print.  It is drawn on a “picture plane” 
corresponding to C*; the print may be regarded as a map g: C* Grayscale.  In fact we 
have two prints, which de Smit and Lenstra call the “undistorted” and the “distorted” 
pictures, or also the “straight world” and the “curved world”.  The distorted picture is the 
Escher print; it corresponds to the above function g.  de Smit and Lenstra use f for the 
function for the undistorted picture.

We think of the domains of f and g (the “picture planes”) as the left and right side copies 
of C* in our first commutative diagram.  As we’ve already seen, the “w map” connecting 
them is many-to-many.  Because the picture planes are these two copies of C*, we have to 
deal with this “map” (really a relation).  We can’t confine our attention to the actual maps 
that inhabit the rest of the diagram.

But we can make good use of the genuine maps.   We start with the isomorphism between 
C*/256 and C*/.  The maps C*  C*/256, C*  C*/ are both covering maps, as 
are the exponential maps C  C* at the top of the diagram.  The two copies of C are the 
universal covers of C*/256 and C*/.

If we start with a path in (say) the left-side C* (the straight world), we can lift it up to C, 
then map it across to the right-side C, and then map down to the right-side C*.  The 
resulting path is unique up to the choice of the starting point.1  Likewise, we can transfer 
a path in the right-side curved world to a path in the left-side straight world.

de Smit and Lenstra describe three paths, or “walks” as they call them.  The first is a loop 
in the curved world, with winding number 1 about the origin.  Its image in the straight 
world is a non-closed path, traversing a full 360 about the origin, in the process 
increasing its distance from the origin by a factor of 256.  (See their Figure 7.)

The second walk is a loop in both the straight world and the curved world.  It has winding 
number 0, and so is null-homotopic in both copies of C*.  (See their Figure 8.)

The third walk is a loop in the straight world, again with winding number 1 about the 
origin.  Its image in the curved world is again a non-closed path, traversing nearly 158, 
in the process decreasing its distance from the origin by a factor of about 22.  (See their 
Figure 9.)

On the next page, I repeat our first commutative diagram, this time with pictures from the 
de Smit-Lenstra paper.  I have added two paths, a green one homotopic to their first walk, 
and a red one homotopic to their third walk.  Caveat: I cheated in a couple of places.  The 
factors of 256 and 22 mentioned above are far too large to fit in the diagram, so I’ve 
settled for an impressionistic sketch of the image curves.

1 Alternately, we could go by way of the tori, first mapping down to C*/256, across to C*/, and lifting 
back up to C*.  The result is the same (exercise).
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So here is the diagram, with the grids from the paper.

Let’s look more closely at the red path.  This is a concentric circle about the origin. Lifted 
from C* to C, it becomes the vertical vector 2i.  Multiplication by  shortens it and 
changes its direction.  Its image under exp is part of a logarithmic spiral.  As its vertical 
component is no longer 2i, the image spiral does not traverse a full 360.

Contrast with the green path.  The lifted path is a vertical vector; division by  (or 
multiplication by ) lengthens it and changes its direction.  The vertical component of the 
image vector is still 2i, however, so the image path traverses a full 360.
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Certainly thousands of mathematicians must have gazed on Escher’s print without ever 
suspecting the structure behind it.  What led de Smit and Lenstra to the tori C*/256 and 
C*/ and their commutative diagram?

The first part of their paper reveals the answer.  I summarize the key steps, as I see them. 
(1) Escher’s studies for the print show how he began with an undistorted picture and 
transformed it to the distorted print.  So we have a transformation from a straight world to 
a curved world.  (2) However, the transformation cannot be a simple 1-1 map — as we’ve 
seen, the relation between the two picture planes is not a map in either direction, but a 
many-many relation.  (3) To explore this, we make a circuit in the curved world, like the 
green path above.  We can determine the straight world image using Escher’s four studies 
(see Figures 5 and 6).  The process is reminiscent of analytic continuation.  (4) The image 
path is not closed, although the original path is.  Let wstart = wend be the start and end points 
of the original path, w’start  w’end the same for the image path.  Since g(wstart) = g(wend), 
we must have f(w’start) = f(w’end).  But w’end = 256 w’start.  This gives us the scaling 
symmetry f(256w) = f(w).  (5) Using the red path now, we conclude that there has to be a 
scaling symmetry g(w) = g(w), for some complex .

At this point, drawing on background knowledge of elliptic curves, we quickly get the 
whole commutative diagram.  It remains to determine the values of  and of  = 1/.

We know the lattice L256 exactly: it is generated by the vectors Log 256 and 2i.  In 
looking at the green path, we found that a vector 2i in L corresponds to a slanted vector 
Log 256 + 2i in L256 (see previous diagram).  So (2i) = Log 256 + 2i, which 
determines  (and also  = 1/).

The defining property of  is L256 = L = Z Log  + Z 2i.  L256 is generated by two 
vectors; we have a lot of freedom in choosing them.  Let’s say we choose {green vector, 
red vector} = {Log 256+2i, 2i}.  Then {(green vector), (red vector)} = {2i, 2i} 
is a basis for L.  So setting  equal to exp(2i) would satisfy the definition.  de Smit and 
Lenstra wanted || > 1, so they defined  = exp(2i).

The expression they give for  (see page 450) looks a little different, but it is easy to show 
the equivalence:
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Direct comparison with Escher’s print, as they show, agrees pretty closely.
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We give, finally, the crucial part of the commutative diagram, this time with the pictures 
from the paper. 

Finally, it is interesting to think about what happens to the commutative diagram if we 
drop the requirement that  L256 contain 2i.

URL for the de Smit-Lenstra paper (and related cool stuff): 
http://escherdroste.math.leidenuniv.nl/
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